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Abstract
We conjecture that a two-dimensional anyon system reduces, when confined to a
narrow channel, to a one-dimensional bose gas with a repulsive two-body δ-function
interaction. We verify this conjecture in first-order perturbation theory near bosons.
If the channel width is reduced to zero, the one-dimensional system is fermionic for all
anyons other than bosons.
PACS numbers: 74.20.Kk, 05.30.-d, 03.65.-w
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The idea of quantum statistics interpolating between bosons and fermions has
been investigated extensively in recent years. In two dimensions, models of particles
obeying generalized exchange statistics (anyons) have been studied because of possible
applications to the fractional quantum Hall effect [1,2]. In one dimension, a concept of
generalized exclusion statistics [3-8] has attracted attention because of its appearance
in a variety of models like the bose gas with a δ-function interaction [9], the Calogero-
Sutherland model [10,11], and antiferromagnetic spin chains [3]. It seems interesting
to ask what kind of an interpolating statistics would appear in one dimension if we
took a two-dimensional anyon system and squeezed it into a narrow channel using
a strong confining potential in one direction. This problem may have some practical
importance because of the increasing sophistication in the fabrication of quantum wires
with microscopic widths. If such a wire is placed in a magnetic field, the ground state
of the interacting electron system inside it seems to be quite non-trivial [12]. Since the
low-energy excitations (quasiparticles) above the ground state may behave like anyons
in two dimensions (for special values of the filling fraction), it would be useful to know
how they behave if they are constrained to move along one direction [13].
In this Letter, we suggest that an anyonic system, when reduced to one dimension,
behaves like a bose gas with repulsive δ-function interactions. To explain this, let us
begin with the Hamiltonian for N anyons moving in the x-y plane with a confining
potential in the y direction
H2 =
1
2m
∑
i
(
~pi − ~ai
)2
+
∑
i
(m
2
ω2y2i −
ω
2
)
. (1)
The statistical vector potential ~ai felt by particle i is chosen in the asymmetric form
(ai)x = −2πα
∑
j 6=i
δ(xi − xj) θ(yi − yj)
and (ai)y = 0 ,
(2)
where θ(y) = 1/2 if y > 0 and − 1/2 if y < 0 .
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We work in the bosonic basis (the wave functions are completely symmetric) so that
α = 0 and 1 (or −1) correspond to non-interacting bosons and fermions respectively.
The statistical magnetic field felt by particle i is
~Bi = ~∇× ~a = zˆ 2πα
∑
j 6=i
δ(xi − xj ) δ(yi − yj ) (3)
which is the correct expression required to generate the exchange statistics. It is well-
known that we may perform a gauge transformation to obtain a Hamiltonian which
does not contain a vector potential and a corresponding wave function which picks up
a phase exp(iπα) when any two particles are exchanged. Theories parametrized by
α and α + 2 are therefore identical and we may restrict α to lie in the range [−1, 1].
Further, theories with α and − α are related to each other by the parity transformation
xi → xi , yi → −yi .
The second term in (1) describes a confining potential in the y direction. We will
eventually be interested in the limit in which the harmonic frequency ω is much larger
than all the energy levels appearing in the one-dimensional system in the x direction.
(We set Planck’s constant equal to one, and subtract the constant ω/2 in (1) so that
the ground state energy does not diverge as ω →∞). As ω increases, the confinement
length in the y direction goes to zero as 1/
√
mω.
Although the anyon interaction ~ai in (2) is long-range in the y direction, it is
extremely short-range in the x direction. (In fact, that is why we chose this form of
the gauge potential rather than the more conventional symmetric form
~ai = α zˆ ×
∑
j 6=i
~ri − ~rj
|~ri − ~rj |2 (4)
which is long-range in both directions. The one-dimensional system that we eventually
obtain must of course be independent of the choice of gauge). We therefore expect
that if the separation between particles in the x direction, i.e. |xi − xj | , are all
much greater than 1/
√
mω (this is the only length scale in the problem so far), then
3
the particles would no longer feel the anyon interaction. In that limit, therefore, the
wave function would separate into the form
ψ(xi, yi) = χ(xi)
∏
j
ho(
√
mω yj) , (5)
where the wave function in the y direction is taken to be in the lowest oscillator state
since we are only interested in energy levels which remain small as ω increases. (The
Hermite function ho in (5) is defined to include the gaussian factor exp(−mωy2/2).
The wave functions χ and ψ must be correctly normalized in one and two dimensions
respectively).
The reason why (5) may be expected to break down in the small regions |xi − xj | ≈
1/
√
mω is that the anyon interactions could be strong enough in those regions to pro-
duce significant overlaps with the higher oscillator states in the y direction. Consider,
for instance, the problem with only two anyons. We can separate out the center-of-
mass motion and concentrate on the relative coordinate ~r = ~r1 − ~r2 . Due to the form
in (2), we do not expect the wave function ψ to be continuous across the line x = 0.
But for x > 0, we may expand
ψ(x, y) = exp(ikx) ho(
√
mω y)
+
∞∑
n=1
cn exp(−knx) hn(
√
mω y)
(6)
where the coefficients cn are unknown at the moment. For x > 0, the Hamiltonian (1)
is simply
H2 =
~p 2
m
+
1
4
mω2y2 − ω
2
(7)
where ~p = (~p1 − ~p2)/2 . Hence we have
k2
m
= − kn
2
m
+ nω (8)
for all n ≥ 1. (The energy E = k2/m is taken to be much less than ω). We choose
kn = (nmω − k2)1/2 in order that ψ remains bounded as x → ∞. We therefore
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see that (6) reduces to (5) containing only the lowest oscillator state provided that
x ≫ 1/√mω.
We now return to the problem of many particles. For particle separations in the
x direction |xi − xj | ≫ 1/
√
mω, we must find a one-dimensional Hamiltonian H1
such that (a) the wave function χ(xi ) in (5) is an eigenstate of H1 , and (b) H1 only
has a short-range interaction (the range being 1/
√
mω which eventually goes to zero)
which interpolates from bosons to fermions as α varies from 0 to 1 (or −1). We know
of only one system with these properties, namely, the one-dimensional bose gas with
a repulsive δ-function interaction [9]. We therefore conjecture that (1) reduces, as ω
becomes large, to a one-dimensional system governed by the Hamiltonian
H1 =
∑
i
p2i
2m
+
c
m
∑
i<j
δ(xi − xj ) . (9)
If this is true, then a simple dimensional argument implies that
c =
√
mω f(α) . (10)
It is known that (9) describes non-interacting bosons (fermions) if c = 0 (∞). Hence
we have f(0) = 0 and f(±1) = ∞. Our objective now is to find the interpolating
function f(α).
The cleanest way of showing the equivalence of (1) and (9) would be to find the
spectra of the two Hamiltonians and match them. While H1 in (9) is exactly solvable
by the Bethe ansatz (we may use periodic boundary conditions in the x direction), H2
in (1) is not analytically solvable even for two anyons. Even if we impose a confining
potential in the x direction
V (xi) =
1
2
mω2
1
∑
i
x2i , (11)
H2 is not exactly solvable because we are interested in the highly anisotropic limit
ω1 ≪ ω. (H2 is solvable for two anyons in the isotropic case ω1 = ω [14]).
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In the absence of a direct mapping, we may examine whether (1) and (9) are at least
equivalent in first-order perturbation theory near α = 0 or c = 0. Let ψn(xi, yi;α = 0)
and χn(xi; c = 0) denote the non-interacting bosonic eigenstates of H2 and H1
respectively. The index n labels the different eigenstates with energies En ≪ ω. (If
we wish, we may include an external potential V (xi) in both H2 and H1 as in (11)
with the understanding that this potential is much smaller than ω). Clearly,
ψn(xi, yi;α = 0) = χn(xi; c = 0)
∏
j
ho(
√
mω yj) . (12)
We now consider first-order perturbation theory in α [15,16]. It is known that the
first-order change in energy is given by the expectation value of the hermitian operator
∆H =
iα
m
zˆ ·
∑
i<j
~ri − ~rj
|~ri − ~rj |2 × (
~∇i − ~∇j)
+
2π|α|
m
∑
i<j
δ(xi − xj) δ(yi − yj) .
(13)
The first term in (13) has zero expectation value in any eigenstate ψn(xi, yi; 0) due to
parity. (Under parity, the ψn are even because of the form in (12) while the first term
in (13) is odd). It is now clear that the expectation value of the second term in (13) in
the state ψn will be equal to the expectation value of the δ-function operator in (9) in
the state χn provided that
c = (2πmω)1/2 |α| . (14)
(This follows because
∫
dy h4o =
√
mω/2π if we normalize
∫
dy h2o = 1). We thus see
that c is repulsive for either sign of α. One would expect that f(α) in (10) smoothly
changes from
√
2π |α| at small α to ∞ at α = ±1.
If we hold α fixed at some non-zero value and let ω → ∞, we see from (10) that
c → ∞. This implies that all anyons in two dimensions (except for bosons which are
exactly at α = 0) reduce to non-interacting fermions in one dimension in the limit
ω =∞. On the other hand, if ω is not infinite but is only large compared to the energy
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levels in the x direction, then a more interesting interpolating behavior is obtained in
which c depends on both ω and α.
The results in this Letter should hold for any confining potential in the y direction,
not necessarily simple harmonic. To conclude, we have argued that a two-dimensional
anyon system which has long-range vector interactions reduces to a one-dimensional
system which has short-range scalar interactions. While the two-dimensional interac-
tion is scale invariant, the one-dimensional interaction is not and its scale is set by the
confinement length in the y direction.
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